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The use of heredi tary  kernels  [1] with a weak singulari ty at the initial instant of time (t = 0) in solving 
dynamic problems of the theory of l inear viscoelast ic i ty  reveals  some interesting features of the behavior 
of the dynamic cha rac te r i s t i c s .  This is because the corresponding relaxation (retardation) spectra  have 
a singulari ty of the same type with respec t  to the relaxation time ~- at ~- = 0, while the singulari ty p a r a m -  
eter  y(0 < y -< 1) cha rac te r i zes  the broadening of the spectrum.  In Four ie r  space this singular point 
c orre  sponds to an infinite ly large frequency (w = ~) [2], and therefore,  in s tat ionary dynamical proble ms, 
when the charac te r i s t i c s  of the sys tem are determined by the product w~-, the singulari ty is expressed  only 
through the pa rame te r  ~ and appears  in explicit form if ~-or wente r s  independently. This is c lear ly  i l lus t ra-  
ted by the charac te r i s t i c s  of an acoustic wave propagating in an heredi ta ry-e las t ic  medium [3]. 

The solution of nonstat ionary dynamical  problems reveals  other interest ing singulari t ies,  investigated 
in [5] with reference  to the example of a one-dimensional  osci l la tor  using Rabotnov's function [4] as r e -  
laxation kernel .  It is worthwhile continuing the investigation of the damped vibration regime,  especial ly  in 
the presence  of intense dissipative p roces ses ,  which in the case of a delta spect rum lead to the appearance 
of aperiodic motions [6]. 

1. We will consider  the question of f ree ly  damped vibrations in relation to the example of a single- 
mass  sys tem in motion as a resul t  of an initial impulse.  By virtue of the Bo l t zmann-Vo l t e r r a  heredi tary  
elast ic  relations,the equation of motion can be written in two equivalent forms,  either in t e rms  of the 
relaxation kernel  R(t) or in t e rms  of the af tereffect  kernel K(t) 

t 

x"-~-o)~2[x - v, I R ( t - - t ' ) x ( t ' ) d t ' ] =  FS( t )  (1.1) 
- - o o  

t 

x'" --[- r -[- va ! K (t - -  t')x'" (t') dt' = F [6 (t) -~ yaK (t)] 
-co (1.2) 

Here, x is a coordinate,  F the pulse amplitude per  unit mass ,  5(t) the Dirac delta function, c o  and w 0 
the frequencies of the elast ic vibrations corresponding to the unrelaxed values of the elast ic modulus; de -  
r ivat ives with respec t  to t ime are denoted by dots. 

~~ § 

Fig~ i 

The solution of Eqs. (1.1) and (1.2) in Laplace space is written in the form 

x. (p) = F ___ F [i + %K. (P)I (1.3) 
p* + o)L i t - -v ,n ,  (P)] ~L +p"[i  +~oK, (P)I 

Here, the asterisk subscript denotes the unilateral Laplace transform of the 

corresponding function. 
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F i g .  2 

The so lu t ion  in the s p a c e  of the i n v e r s e  t r a n s f o r m s  i s  d e t e r m i n e d  f r o m  the 
M e l l i n - F o u r i e r  i n v e r s i o n  e q u a t i o n  

c+ico 

x(t)= t i x, (p) ept dp 
c - - l e o  

(1.4) 

In o r d e r  to e v a l u a t e  i n t e g r a l  (1.4), i t  i s  n e c e s s a r y  to d e t e r m i n e  a l l  the s i n g u l a r  
po in t s  of the c o m p l e x  funct ion  x , ( p ) .  The w e a k l y  s i n g u l a r  k e r n e l s  c o n s i d e r e d  be low 
have b r a n c h  p o i n t s  (p = 0, p = ~) and  s i m p l e  p o l e s  a t  va lue s  of p tha t  make  the d e -  
n o m i n a t o r s  of E q s .  (1.3) van i sh ,  i . e . ,  tha t  a r e  r o o t s  of the  equa t ion  

(1.5) 

The i n v e r s i o n  t h e o r e m  i s  a p p l i c a b l e  to m u l t i v a l u e d  func t ions  with a b r a n c h  
po in t  only  fo r  the f i r s t  s h e e t  of the R i e m a n n  s u r f a c e ,  i . e . ,  when -Tr < a r g  p < 77. A c c o r d i n g l y ,  the c l o s e d  
con tou r  shou ld  be c o m p o s e d  of the s t r a i g h t - l i n e  s e g m e n t  [e - i R ,  c + JR], c > 0, the s e g m e n t s  - R  < s < - p  
a t  the e d g e s  of the cut  a long the nega t ive  r e a l  s e m i a x i s ,  and  a r c s  of c i r c l e s ,  o n e o f  which,  Cp, IP I = P, c l o s e s  
the  edge of the cut ,  whi le  the o t h e r  two, CR, I P 1 = R, c onne c t  the e d g e s  of the cu t  with the v e r t i c a l  s e g m e n t  
( F i g .  1). By v i r t ue  of J o r d a n ' s  L e m m a ,  a s  R ~ ~ the i n t e g r a l s  a long the c u r v e s  Ct/ van i sh .  F o r  w e a k l y  
s i n g u l a r  k e r n e l s  the i n t e g r a l  a long  Cp a l s o  t ends  to z e r o  a s  p - * 0 .  Using the b a s i c  t h e o r e m  of the t h e o r y  
of r e s i d u e s ,  we can  w r i t e  the so lu t ion  of E q s .  (1.1) and  (1.2) in the f o r m  

co 

t x( t )= ~ f [x*(se-~=)-- x*(sd=)] e-~tds ~' ~'res[x*(p~)ePk~] 
0 k 

(1.6) 

Here  the s u m  is  taken  o v e r  a l l  the i s o l a t e d  s i n g u l a r  p o i n t s  (po les ) .  

2o As  an e x a m p l e ,  we wil l  c o n s i d e r  the s i m p l e s t  e a s e  of w e a k l y  s i n g u l a r  k e r n e l s  - the Abe l  a f t e r -  
e f f ec t  k e r n e l :  

K(t) = [r(~,)~,Vlt "-1, K,(p) = (pvo)'v, v:~Eo = %'E~o (2.1) 

The r e s o l v e n t  k e r n e l  of k e r n e l  (2.1) - the r e l a x a t i o n  k e r n e l  - i s  g iven  by  the Rabotnov funct ion:  

R (t) = T~-,9.~(-- v, % t) 
co 

H e r e ,  r ( ~ )  i s  the g a m m a  funct ion;  7 i s  the s i n g u l a r i t y  p a r a m e t e r  (0, 1]; and  ~e, ) a r e  the r e l a x a t i o n  
and  r e t a r d a t i o n  t i m e s ,  r e s p e c t i v e l y .  In Eq.  (2.2) and in what  fo l lows ,  w h e r e  the qua n t i t i e s  ~, u a r e  w r i t t e n  
wi th  out  i n d i c e s ,  i t  i s  a s s u m e d  tha t  ~- = r e i f u  = u a , a n d r  = ) i f u  = u ~ .  

Subs t i tu t ing  E q s .  (2.1) and  (2.2) in (1.3), we f ind  

x .  (p) - F (p,  § ~ )p - ,  (p~ § • § o)~2) -I, z = ~ - ,  (2.3) 

In o r d e r  to d e t e r m i n e  the p o l e s  of the funct ion x , (p ) ,  i t  i s  n e c e s s a r y  to f ind the r o o t s  of the equa t ion  

p~ ~- xp 2-~ -~ o)~ 2 = 0 (2.4) 

It i s  e a s y  to see  tha t  Eq.  (2.4) does  not  have r e a l  nega t ive  r o o t s .  In fac t ,  s e t t i ng  p = - y ,  y > 0 in 
(2o4), we ob ta in  an equa t ion  tha t  c o n t r a d i c t s  the s t a r t i n g  a s s u m p t i o n .  

In o r d e r  to f ind the r o o t s  of Eq.  (2.4), we s e t  p = r e i r  Then,  s e p a r a t i n g  the r e a l  and i m a g i n a r y  p a r t s ,  
we ob ta in  a s y s t e m  of two e q u a t i o n s :  

r 2 cos 2~ @ • 2-~ cos (2 - -  3") ~ t -  (0~ ~ = 0 

r~ si.n 2~2 @ xr2-~sin (2 - -  3")~b = 0 
(2.5) 
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Here, i t  has been assumed that in the elastic region woo = io Obviously, system (2.5) does not have 
roots at any I ~ I < i / 2  v. In order to calculate the roots of system of equations (2.5), we introduce the new 
variables x I = r 2 and x 2 = ~42r-T. Then for each fixed angle ] /2v < r < y and given 7 we obtain a system of 
two linear equations in two unknowns x I and x 2. After finding the values of x I and x2, we find r and ~4, which, 
together with the selected ~, determine the root of the characterist ic  equation. Upon substi tuting-~ for 
we obtain the conjugate complex root. 

Thus, in the plane with the cut-out negative real  semiaxis - r  < ~ _<r, Eqo (2.4)has two conjugate com- 
plex roots Pl,2 = - ~  ~: in) at each fixed~t. The behavior of these roots as functions of ~4 is shown in Fig. 2, 
where as parameter  we have selected the quantity y, whose values are indicated by the figure adjacent to 
the curves. At T = i characterist ic  equation (2.4) corresponds, correct to a constant, with Maxwell's 

rheological model and the roots are given by the equation 

P,,2 --  '12• +--- (~l~• s - -  l)'/, (2.6) 

It f o l l o w s  f r o m  (2.6) t ha t  a t  ~ >- 2 t h e r e  a r e  two r e a l  r o o t s ,  one  of w h i c h  t e n d s  to z e r o  a s  ~ - -  ~,  w h i l e  

the  o t h e r  t e n d s  to i n f i n i t y .  As  T-- -0  the  r o o t s  of  Eq~  (2.4) g i v e  the  s o l u t i o n  f o r  u n d a m p e d  e l a s t i c  v i b r a t i o n s  

( i . e . ,  t h e y  a r e  i m a g i n a r y ) ,  and  a s  ~ v a r i e s  f r o m  O to i n f i n i t y ,  t h e y  v a r y  f r o m  io0 ~ to  0.  

K n o w i n g  the  b e h a v i o r  of t he  r o o t s  of  the  c h a r a c t e r i s t i c  e q u a t i o n ,  we w r i t e  the  s o l u t i o n  (1.6) in the 

f o r m  

tg(p = -- 

x (t) = Ao (t) + A exp (--at)  sin (cot - -  r 

A = ~ [ t - - ~ i  "~r-'r (t-1/`'r) ~-cOs'~r ]-'/2 
ur -~ + u-Zr v + 2 cos ~tp 

2 (• -Y § • + 2 cos Tr cos r --  ~ [xr -~ cos tp + cos (t - -  ~) 41 
2 (• -~ + • -4- 2 cos 3;r sin ~p - -  T [xr -~ sin tp ~- sin (i - -  T) r 

r ~ = c o  s ~ a  s, t g $ = - - c o a  -1 

c o  

Ao(t )  = I ~-lB (~)e-t/+dv 
0 

(2.7) 

(2.8) 

The  q u a n t i t y  A0(t ) d e s c r i b i n g  the  e l a s t i c  a f t e r e f f e c t  m a y  be  r e g a r d e d  a s  the L a p l a c e  t r a n s f o r m  o f . t he  

s p e c t r a l  f u n c t i o n  

B ('~) = sin~tT " F ~  § r176 (2.9) 
(,~%r215 (1-4-o~'~ 2) 1-~2cosn~ 

w h i c h  g i v e s  the  d i s t r i b u t i o n  of  the r e l a x a t i o n  p a r a m e t e r s  of the  d y n a m i c a l  s y s t e m .  
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In the q u a s i s t a t i c  c a s e  d i s t r i b u t i o n  funct ion  (2.9) goes  o v e r  into the Abe l  k e r n e l  r e t a r d a t i o n - t i m e  
d i s t r i b u t i o n  funct ion 

B(~) (~J) Fv: sin nT l:V_ 1 
2 ~%~, ( 2 . 1 0 )  

Expressions (2.7) and (2.8) define harmonic vibrations with natural frequency w and damping coeffi- 
cient (~. The behavior of these quantities as a function of In ~4 is illustrated in Fig. 3. It is clear from 
Fig. 3 that v~ passes through a maximum, while w decreases monotonically from 1 to 0 with increase in 
In n. The logarithmic decrement A = 2=~w -~ is constant along the lines ~r = const. In Fig. 4, we have 

plotted in v e- T e coordinates the isodeeremental lines for y = 1 (solid lines) and y = 0.5 (dashed lines). 
The values of ~r are indicated by the figures adjacent to the curves. The shaded region above the straight 
line ~4 = 2 (A = oo) corresponds to the region of aperiodicity, while the region beneath this straight line cor- 
responds to the region of damped vibrations. If the elastic modulus relaxes completely, we obtain a quasi- 
Maxwellian model, which at y = 1 goes over into the usual Maxwell model with the boundary of the region 
of aperiodicity at ~- = 1/2. For fractional-/, there is no region of aperiodicity~ 

It should be noted that as y-~ 1 solution (2.7) goes continuously over into the solution corresponding 
to the region of vibration of a Maxwell material. However, in this case it is not possible to obtain a solu- 
tion corresponding to the region of aperiodicity. 

Thus, we have been able to trace the effect of the parameter T, characterizing the "smearing" of the 
corresponding spectrum, on the dynamic characteristics of the system: logarithmic decrement, natural 
frequency, and damping coefficient. Moreover, it is possible to establish the nature of the vibratory pro- 
cess, whose principle characteristic consists in the impossibility of the damped vibrations going over 
into the aperiodic mode. 

It is known that if the intensity of the dissipative process is sufficiently large actual vibratory sys- 
tems may exhibit aperiodic behavior. In order to describe this fact, it is necessary to use other distri- 
bution functions~ Certain information relating to this question may be found, for example, in [7, 8]. 
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